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Let a(x)= E~ (-1)"a,,x n and b(x)= ~ b,,x" be two elements in the ring of formal power 
series such that a(x). b(x)= 1. If ()-l,)-z,...,)tp) and (~I, Z~, . . . ,  2q) are conjugate parti- 
tions, we prove that det(axi_i+j)= det(bx;_i+j). Using this result we evaluate a determinant 
whose elements are q-binomial coefficients. 
Let 
and 
a(x) = ~ (-1)"a,,x" (1.1) 
be the elements in the ring R Ix] of formal power series such that 
a(x) .  b(x) = 1, ao = b0 = 1. 
The main result of this paper gives a method of converting a determinant A,
det A = det(aq), (1.3) 
where the elements a# are the coefficients of the formal power series (1•1), into 
another determinant B, 
det B = det(bij), 
where the elements b# are the coefficients of (1.2)• 
We apply this result to evaluate the determinant, 
ko, kl km'l[ X] I • ' K, + S q((K,+s)(x,+s-1))t2 , 
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(1.4) 
b(x) = ~ b,,x" (1.2) 
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where ix] are q-binomial coefficients defined by, 
[X] (1 - qX)(1 - qX-1) . . .  (1 - qx-k+l) 
(1.6) LKJ 
In [3], Ostrowski has evaluated a determinant similar to (1.5) whose elements 
are binomial coefficients. In [1] Carlitz has evaluated a determinant similar to 
(1.5) whose elements are q-binomial numbers. Determinants of this type arise in 
combinatorial problems [4] and in work on hypergeometric series. 
Let 
~. = (Zl, ~2, • • •, ;-r), ~1~>~2~>''" ~>Zr 
be a partition of n. Let ~.' = (,~;, ~ . ; , . . . ,  ~q) be the conjugate partition. 
Let 
141 =/~1 + /~2 "Jr'''' a t-/~n" 
For the proof of the theorem we need the following results. 
Lemma 1. Let ~ be a partition and let m >t ~,  n .-- ;~1. Then the m + n numbers 
Zi-t-n--i ( l<~i~<n) and n - l  + j -Z}  (l<~j<~m) are a permutation of  the set 
{0, 1 ,2 , . . .  ,m+n-1} .  
ProoL See page 3 of [2]. [] 
Lemma 2. Let 
Dq(x;ko, k l , .  . . , km)= l[ X 
Then 
+Kr+S-1][ 
Kr+S 
Dq(x; ko, k l ,  k~) = (--1)m(m+~)nq m(m÷~)(~'+~), 
j=o kj + j  
(qk'+j-1)m-] A(qko, qkl, . . . , qk,),  
where the k, are integers satisfying the condition, 
km>km- l>""  >k2>k l>ko>'O 
A(qko, qkl, . . . , qkm) = YI (qk, -- qks) 
(r ,s =0,  1 ,2 , . . .  ,m).  
(m~r>s>~O) ,  
(JOg = (1 - x)(1 - qx) . . .  (1 - qk- lx) .  
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f iX>0,  0<q <1, then 
Dq(x', ko, kl ,  • • . ,  km) > O. 
Proof. See [1] [] 
Theorem 1. Let ~, and m be two partitions of  length <~p such that ~,' and I~' have 
lengths <~q where p + q = N + 1. Let a(x) = ~ ( -1 )na~ n and b(x) = ~ b,,x ~ be 
two formal  power  series such that 
Then 
a(x) . b(x) = 1, Oo = bo = 1. 
det(ax,_uj_i+j) = det(bx;_~;_i+j), 1 <~ i, j <~ q. (2.1) 
Proof. If a r and br are the elementary and complete symmetric functions, then 
the corresponding result is proved in [2]. We prove that the result can be 
extended to any two power series with product equal to unity. 
Since 
we get 
a(x) . b (x )= 1, (2.2) 
n 
( -1)ra,b,_r  = 0. (2.3) 
r=0 
Let A denote the matrix 
and 
A = ((--1)i-Jai_j), 1 <~i, j<-N  (2.4) 
B = (b/_j), 1 ~< i, j ~< N. (2.5) 
Since ar = br = 0 (r <0) ,  it follows that both matrices A and B are lower 
triangular. 
Hence 
det A det B = 1 (2.6) 
and 
AB = BA = 1. (2.7) 
By Jacobi's Theorem each minor of A is equal to the complementary minor of B. 
Consider a minor B1 of B. Let B1 have row indices ~i +P-  i (1 <-i<~p) and 
column indices/ui +p - i (1 ~< i ~<p). From Lemma 1, we find the complementary 
Cofactor of A r, the transpose of A, has row indices 
p-  l + j - ,k ;  ( l<~j<~q) 
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and column indices 
p-  1 + j - l z ;  
Hence 
where 
(l~<j~<q). 
det(b z,-uTi+j) = ( -  1)lxl+l"l det((-  1)z;-u;-i +./co), 
Cq -- az;_~;_ i+j ,  1 <<- i, j <~ q. 
or  
det(bz,_~,j_i+j) = det(ax;_u;_i+j), 
This completes the proof of Theorem 1. 
l <~i, j <~p, 
(2.8) 
Then 
' g r  + S q((Kr+S)(K,+S-1))/2 
then 
D~(x; ko ,  k l ,  . . . , k in)  -" Dq(x ;  k ; ,  k ; ,  . . . , k ' ) .  
Also, if O < q < 1, X>0,  then 
D~(x;ko, k l , . . . ,  kin) > O. 
Proof. Let E(t) = I-[7-~ (1 - q~t). Then we know that 
E( t )=~( -1) r [n ]qr ( r -1 ) /2 t  r. 
o 
Using induction on n, we can prove that, if 
H(t)=(E(t)) 
H(t )=~ [n + r -1 ] t r .  
o r 
Since H(t)E(t)  = 1, we can apply Theorem 1 (where we put/~ = 0). Hence 
O~(ko, kl, . . . , kin) = Dq(x; k;, k~, -k ' ) .  
Also from Lemma 2, we get 
Dq(ko, k l , . . . , km)>O (0<q <1). 
This completes the proof of Theorem 2. [] 
(r,s =0, 1 , . . .  ,m) ,  
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
Theorem 2. Let (K6, K~, . . . , K ' )  be the conjugate partition of (Ko, K1, . . •, Kin). 
if 
1 ~<i, j ~<q. (2.9) 
[] 
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